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HF Radar Detection of Tsunamis
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This paper demonstrates that HF radar systems can be used to detect tsunamis well
beforetheir arrival at a coastline. We solve the equations of motion and continuity on
the ocean surface using models to simulate the signals produced by a tsunami ap-
proaching the east U.S. coast. Height and velocity profiles are derived along with
expressionsfor theradar-observed current velocitiesin termsof bathymetry and tsu-
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nami height and period. Simulated tsunami-generated radial current velocities are
superimposed on typical maps of radial velocity generated by a Rutgers University
HF radar system. A detection parameter isdefined and plotted to quantify the progress
of thetsunami, which isshown to be detectable well beforeitsarrival at the coast. We
describe observations/war nings that would have been provided by HF radar systems
at locationsin the path of the 2004 I ndian Ocean tsunami.

1. Introduction

Existing tsunami watch systems are based on com-
puter modeling programs that warn against the possibil-
ity of earthquake-generated tsunami impacts, and attempt
to predict their strength and location. These computer
models include ocean scale bathymetry and could run
continually for possible epicenter points, with the input
parameters updated in the event of a potentially danger-
ous earthquake. A protocol for the rapid dissemination of
seismic data and tsunami model predictions between for-
eign governments is being established, but no system as
yet exists for local detection of an actual incoming wave
with a significant warning capability.

Barrick (1979) originally proposed the use of shore-
based HF radar systems for tsunami warning. HF radar
systems presently operate continuously from many coastal
locations around the globe, monitoring ocean surface cur-
rents and waves to distances of up to 200 km. Tsunami
watch software could run in the background, activating a
warning should a tsunami be detected. This information
would be available to local authorities and would be in-
valuable if international communications fail or are too
general in their predictions. Global models may be inad-
equate for localized areas for which the bathymetry is
inaccurate; for example, many developing nations do not
conduct regular bathymetric/hydrological surveys. In ad-
dition, when a quake epicenter is close to shore there may
be insufficient time for the international communication

* Corresponding author. E-mail: blipa@codaros.com

Copyright©The Oceanographic Society of Japan/TERRAPUB/Springer

chain to be activated; in such cases local systems would
provide the only advance warning. It would alleviate the
false-alarm problems that plague existing tsunami watch
systems. Finally, computer prediction models and early
warning schemes apply only to tsunamis generated by
earthquakes; HF radars would also be able to detect tsu-
namis due to underwater rockslides and tidal bores.
This paper demonstrates that modern HF radar sys-
tems already in use for observations of ocean currents
and waves are capable of detecting tsunamis well before
their arrival at many coastlines. The warning time in-
creases with the width of the continental shelf. This study
was inspired by the disastrous tsunami generated by an
earthquake off Sumatra on December 26, 2004.

2. Theoretical Analysis

In the open ocean, a tsunami has a low height, an
extremely long wavelength and travels at great speed. It
can be detected in real time only by bottom-mounted pres-
sure sensors. However, a tsunami slows down as it moves
into shallower water, allowing it to be detected by shore-
based HF radar systems well before its arrival. Although
the wave period remains invariant, the height and the or-
bital velocity increase and the wavelength decreases. The
Navier-Stokes equation and the equation of continuity,
see for example Lamb (1932), Kinsman (1965), form the
basis for tsunami modeling. In this section we present
two approaches to solving these equations. Subsection 2.1
reproduces the closed-form expressions for tsunami pa-
rameters originally presented by Barrick (1979), which
are based on linear wave theory, assuming piece-wise
constant depths and a sinusoidal profile for the tsunami.
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In Subsection 2.2 the depth is allowed to vary and arbi-
trary height profiles may be used; equations must then be
solved numerically. In Subsection 2.3 we give an expres-
sion for water depth below which linear wave theory can
be expected to break down and nonlineartities will pre-
vail.

2.1 Linear approximation

As the wavelength of a typical tsunami is far greater
than the water depth d, the defining equations can be sim-
plified by expanding them as Taylor series in d/A(d),
where A(d) is the wavelength, and retaining only the first
terms in the series. Barrick (1979) assumed the water
depth to be piecewise constant and, using a sinusoidal
waveform for the tsunami, derived the following equa-
tions for tsunami properties. For shallow-water waves like
tsunamis, phase velocity and group velocity of the wave
are equal and given by:

Von(d) =/od (1)

where g is the acceleration due to gravity. The height of
the tsunami is expressed in terms of its value in deep
water, which was taken to have a depth of 4000 m:

h(d) = (4000 / d)1/4 (2)

where h,, the height of the tsunami in deep water and
d are expressed in meters. The maximum surface orbital
or particle velocity for water of depth d is given by:

Vo(d) = v (d)h(d)/d. (3)

The relationship between the wave period P and wave-
length A(d) is given by the shallow-water dispersion equa-
tion, which defines how the wavelength changes with
depth:

Ad) = P/gd. (4)

The time for the tsunami to cover a distance L terminat-
ing at the radar site is given in terms of the phase veloc-

ity by:

T= .[OL v[:)((d)' Q)

For a tsunami, the phase/group velocity of the wave
is much faster than orbital velocities, but from (1) it slows
down in shallow water as d'/?, increasing the warning
available from the time of detection. From (2) and (3),
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the height increases as d™!/4

velocity increases more quickly as d-
signal seen by the radar.

, while the maximum particle
34 increasing the

2.2 A more general model

The linear shallow-water wave methods of Barrick
(1979) and Subsection 2.1 are based on the assumption
of a piece-wise constant depth and a sinusoidal profile
representation of a tsunami. To validate these analytic re-
sults, we now consider a more realistic general hydrody-
namic model, for which the depth is variable, using a
Gaussian-modulated sinusoid for the waveform.

The water depth is now taken to be a function of
horizontal position (X, Y), and the height 1 above a mean
plane and velocity 0 are assumed to vary with position
and time. The following two equations form the basis for
tsunami modeling, e.g., Lamb (1932); Kinsman (1965):

1 90
oE- ~ %Y 6
oy (6)

m(a n)o] = -2, (7)
ot

Equation (6) represents Newton’s second law, involv-
ing the expression of the horizontal pressure gradient and
acceleration in terms of the Navier-Stokes equation. Equa-
tion (7) embodies the incompressibility of water, i.e., the
horizontal velocity must vary with position (X, Y) as wa-
ter is confined between the two interfaces: bottom and
surface. It is assumed that the water velocity 0 is inde-
pendent of depth, which is a good approximation for the
time and space scales of tsunamis and the basis of most
numerical tsunami models (Mofjeld et al., 2000). Remain-
ing terms in the Navier-Stokes equations (e.g., Coriolis
and frictional effects) and differences between Lagrangian
and Eulerian time differentiation, are ignored as they are
unimportant in the tsunami scenario involving the propa-
gation of massive amounts of energy across large dis-
tances on hourly time scales.

Because the tsunami height is small compared to the
depth except during the final run-up onto shore, the sec-
ond term on the left side of (7) can be ignored. Then (6)
and (7) can be combined to give two variations of the
wave equation:

[ (dﬁ) -1 62—6 =0 (a vector equation) (8)
g ot>
10°n _ .

m (ﬂ] 17) - Eat_Z =0 (a scalar equatlon). (9)
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Fig. 1. (a) Typical radial vector map measured by a long-range
SeaSonde located at Tuckerton, New Jersey, 3:30 pm Janu-
ary 27, 2005. Constant depth contours are labeled in me-
ters. (b) Schematic map with the wave fronts of an approach-
ing tsunami that are approximately parallel to the coast and
the depth contours. Velocity vectors are perpendicular to
the wave fronts, and the radial component observed by the
radar is defined by (15).

For constant depth d, (8) and (9) reduce to the clas-
sic constant-depth plane-wave representations of tsunami
velocity and height.

As the tsunami moves into shallow water, refraction

causes the water motion to be essentially normal to the
mean large-scale isobaths. It is then valid to express the
position-dependence of variables as a function of a sin-
gle parameter X, which is defined as the distance from
shore along a direction normal to the mean large-scale
isobaths.

Reducing (9) to its one-dimensional form and using
the method of separation of variables, it is shown in Ap-
pendix that solutions for arbitrary time dependence can
be represented as:

d(x)v(x,t) = I_ww p(w) exp(=i ) E(x, yd w  (10)

where E(X, w) is the solution to the following ordinary
differential equation:

d’E(x0) | «*
dx? c*d(x)

(11)

and p(w) is the Fourier transform of the time-dependent
waveform representing the tsunami in deep water as it
approaches the continental slope; C is the group velocity
in deep water (of depth D)) at the edge of the slope, which
from (1) is given by: c = \/‘QTDO.

To obtain the tsunami parameters, these equations
must be solved numerically. The functional dependences
of the tsunami parameters were found to be consistent
with those for the simpler model, as given by Eqgs. (1)-
(5). It is therefore valid to use these analytic expressions
to estimate the tsunami characteristics and available warn-
ing time. It is shown in Appendix that energy conserva-
tion principles also confirm these functional forms.

2.3 Limits on linear wave theory

When linear wave theory breaks down in shallow
water, currents become stronger and hence they are more
easily detected. In the nonlinear regime, wave energy is
converted to massive water transport or surge. There are
no simple equations to describe this final progress of the
tsunami.

Barrick and Lipa (1986) expressed the surface height
normalized by the wavelength as a perturbation expan-
sion in h(d)/A(d). For a solitary periodic wave traveling
in the x-direction, when A(d) >> d, the first- and second-
order terms for the surface height can be written as:

”Zfz‘é;) = [h(d)/A(d)] cos|272(x/ A(d) - t/P)

+1h(d)/ Ad)]” cos[4 7{x/ Ad) ~t/P)] +---.
(12)
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Fig. 2. Parameters plotted versus distance offshore from the Rutgers SeaSonde: (a) Water depth, (b) tsunami wavelength,
(¢) maximum orbital velocity, (d) wave height produced by the tsunami.

Linear wave theory breaks down when the magnitude of
the nonlinear term approaches that of the linear term. We
assume that linear wave theory becomes invalid when the
nonlinear term exceeds 50% of the linear term, which
occurs at a depth given by:

_ 1/5
Qipresn = 1-383(4000/ h4000) hy000- (13)
For depths less than this threshold, higher-order wave
nonlinearities become significant based on this definition
of the linear domain. This depth is approximately four
meters for typical deep-water tsunami amplitudes of 0.5
m.

3. Simulations

A single HF radar system produces maps of the ra-
dial component of the ocean surface current velocity us-
ing radar echoes from short wind-driven waves. The tsu-
nami produces surface velocities that superimpose on the
slowly varying ambient current velocity background. They
have a characteristic signature due to their coherence over
large distances allowing them to be detected when they
arrive in the radar coverage area.

We based our simulations on Eqgs. (1)—(5) and on
satellite measurements of the 2004 tsunami made by US
and French satellites (Gower, 2005), taking values of 0.5
m for the deep-water wave amplitude and 600 km for the
wavelength. From (4) the corresponding period of the
wave is about 50 minutes, independent of depth.
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3.1 Tsunami signalsin SeaSonde radial velocity maps

Simulated tsunami current velocities were superim-
posed on current velocities measured by the Rutgers Uni-
versity SeaSonde system located at Tuckerton, New Jer-
sey, which operates with a transmit frequency of 4.54
MHz. Voltage time series from the three SeaSonde an-
tennas are Fourier-transformed to give complex frequency
spectra. System parameters are set to provide spatial/tem-
poral resolutions of 6 km/0.5 hours respectively and a
radial current velocity resolution of 13 cm/s. The system
measures the component of the current velocity that is
radial to the radar to typical ranges of 150 to 200 km.
Figure 1(a) shows the location of the radar, the
bathymetry, and a typical map of measured radial current
velocities.

As discussed by Barrick (1979), a sinusoidal tsunami
wave appears as a periodic surface current. Its wave or-
bital velocity at the surface transports the much shorter
waves seen by the radar, adding to the ambient current
field and producing a signature detectable by the radar.
We assume that the water depth over the radar coverage
area can be adequately represented by depth contours
parallel to shore. A tsunami will move perpendicular to
these contours, as illustrated schematically in Fig. 1(b).
The approximate depth profile is shown in Fig. 2(a). At
time t and range X measured perpendicular to the coast
from the radar, the surface current velocity produced by
the tsunami can be written as:

V(x,t) = vy (d)sin271(x/ A(d) +t/P) (14)



where the maximum surface orbital velocity and wave-
length are given by (3) and (4) respectively. The compo-
nent of this velocity radial to the radar is given by:

v, (%,t) = v(x,t)sin(6) (15)
where 0 is the angle between the depth contours and the
line drawn to the radar, as shown in Fig. 1(b).

Figures 2(b)—(d) show the variations in wavelength,
maximum orbital velocity and waveheight plotted as a
function of distance perpendicular to the coast from the
radar as the tsunami advances over the continental shelf,
which is approximately 125 km wide in this region. It
follows from (5) that approximately an hour and a half
will elapse from the time the tsunami reaches the edge of
the continental shelf before it strikes the coast.

Figure 3 shows the simulated radial velocity maps
produced by the tsunami wave coming directly onshore,
at half-hour intervals starting when the tsunami arrives
at the outer edge of the radar coverage area and ending
when it reaches the coast. These radial velocities would
superimpose on the ambient current velocities, with ra-
dar map samples shown every half hour for the combined
radial velocity field. The tsunami radial velocities shown
in Fig. 3 were added to the four measured radial velocity
maps from 4 pm-5:30 pm, January 27, 2005. Including
the measured radial map for 3:30 pm shown in Fig. 1,
this gives a set of five radial maps starting before the tsu-
nami enters the radar coverage area and ending when it
reaches the coast. Section 4 describes a method to detect
the tsunami, based on these radial maps.

As noted in Section 2 for a deep water amplitude of
0.5 m, the water depth at which linear wave theory breaks
down is only about four meters. The equations given
above will therefore apply over most of the radar cover-
age area, until the first surge is only moments away from
the shore. As the wave moves into shore and the water
depth decreases from this threshold value, the water ve-
locity seen by the radar will increase as the group/phase
velocity decreases.

3.2 Height and horizontal particle velocity profiles
Tsunami waveforms typically have a weak trough
followed by a large crest, trailed by a weaker trough. We
used a Gaussian-modulated sinusoid to model this wave-
form and calculated the height and horizontal particle
velocity profiles as this wave propagates towards the New
Jersey coast, using the bathymetry profile shown in Fig.
2(a). Figure 4 shows results obtained by numerically solv-
ing (10) and (11) at three half-hourly intervals before the
wave reaches shore. In the first, the wave is beyond the
slope, more than 1.7 hours from impact. Both height and
velocity curves are normalized to unity in deep water,
allowing observation of their growth with time.

As the Gaussian wave feature moves from deep to
shallow water off New Jersey, Fig. 4 shows that it de-
creases in speed, compresses in horizontal scale, and in-
creases in amplitude, taking nearly two hours to cross the
continental shelf. Horizontal particle velocity seen by the
radar increases more rapidly, as d~*/4; height increases at
a slower rate, as d™'/4, consistent with Subsection 2.1.

For a tsunami amplitude of 0.5 m in 4000-m deep
water, the maximum horizontal particle velocity is ap-
proximately 2.5 cm/s. As water depth decreases to 40 m,
40 km from shore, the particle velocity increases by a
factor of 32, to 80 cm/s. We demonstrate in the next sec-
tion that this signal is detectable at this point by a shore-
based radar, 84 minutes before impact on the shore.

4. Detection Method

We applied the following procedure to demonstrate
that the approaching tsunami can be detected from the
simulated radial data.

(1) In the 2.5-hour period, most variation in the com-
posite velocity field is produced by the changing tsunami
currents. To reduce the effect of the varying ambient cur-
rent field over this time period, we subtract the radial
velocities for January 27, 2005 3:30 pm (with no tsunami
signal) from those at 4:00, 4:30, 5:00, 5:30 pm. In prac-
tice, this would be done on a continuous basis.

(i1) Each composite radial velocity V, is normalized
as follows:

Vi” =V, /sin(6) (16)
where the angle 8 is defined as in (15).

(iii) The radar coverage area is then divided into 6
km bands parallel to the depth contours, the normalized
radial velocities in a given band are averaged and the
standard deviation calculated.

(iv) We then define a parameter Q(X) for each band
as the absolute value of the average radial velocity nor-
malized by the standard deviation:

(17)

When the current velocity field is dominated by tsunami
velocities which are typically coherent over bands paral-
lel to the depth contours, the value of Q(x) will increase
sharply. We use the criterion Q(X) > 1 to indicate the pres-
ence of a tsunami in a given band.

Q(x) is plotted in Fig. 5 both with and without the
tsunami signal for the four radial velocity maps shown in
Fig. 3. With no tsunami present, the value of Q(X) is

HF Radar Detection of Tsunamis 709
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nental shelf, (b), (c) height profiles at successive half-hour intervals, (d) horizontal water particle velocity: (e), (f) velocity

profiles at successive half-hour intervals.

always less than unity. With the tsunami approaching the
shore, it can be seen that Q(X) begins to exceed unity when
the tsunami is about 125 km from the radar, where the
particle velocity due to the tsunami is 4 cm/s. Q(X) in-
creases as the tsunami advances, demonstrating that the
tsunami can be detected using this simple method. It fol-
lows from (5) that 84 minutes will elapse from detection
at 125 km before it strikes the coast.

Clearly, more sophisticated detection schemes could
be developed than the simple method described here.

5. Warning Times at Different L ocations

In this section, we further consider the time delay
after detection before the tsunami strikes the shore. This
depends to a large degree on the water depth over the
radar coverage area. We illustrate this by calculating the
time delay from detection to arrival at the coast for the
Indian Ocean tsunami approaching hypothetical HF ra-
dar systems at two locations where the adjoining conti-
nental shelves are respectively broad and narrow: Penang,
Malaysia, and Chennai, India. Tsunami parameters are
given in Section 3. Bathymetric charts for the two loca-
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tions are shown in Fig. 6. Figure 7 shows the water depth
plotted as a function of range from the radar toward deep
water. We assume that the tsunami signal is detectable in
the radial velocity map when the particle velocity due to
the tsunami exceeds 4 cm/s, as for Tuckerton, New Jer-
sey (see Section 4). The maximum orbital velocities and
arrival times follow from (3) and (5) using the depth pro-
files for the two locations shown in Fig. 7.

Off Penang in the Straits of Malacca, within the ra-
dar range (taken to be 150 km), the water depth is always
less than 100 m and the corresponding particle velocity
always exceeds 40 cm/s, far above the detection thresh-
old of 4 cm/s. The tsunami will therefore be detected at
the outer range of 150 km. From (5) it will be 130 min-
utes before it reaches the shore.

In contrast, off Chennai, the continental shelf is nar-
row, and the particle velocity does not reach the detec-
tion threshold of 4 cm/s until the water depth decreases
to 2000 m, 60 km from the shore. With the detection
method described in Section 4, the tsunami will be de-
tected only 18 minutes before it reaches the shore, but
more detailed modeling could improve this margin.
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In a field application a feasibility study would be
required for each location, based on the type of radar sys-
tem planned and taking into consideration typical cur-
rent regimes for the location, in addition to the bathymetry.

6. Conclusion

In conclusion, it has been demonstrated that HF ra-
dar systems in operation today are capable of detecting
tsunamis and providing vital information well before
impact when the adjacent continental shelf is wide. Tsu-
nami detection software could run in parallel with soft-
ware producing current velocities and local wave infor-
mation at the many HF radars in operation around the
coastlines of the world.

Additional methods need to be developed to predict
the height and direction of the tsunami from simulated
HF radar data. Simulations are also required to determine
the amount of information on the tsunami that can be
obtained for different radar system operational param-
eters. Radar data used in this study were obtained with
the operational system parameters presently in use.
Simulations can determine the optimal time/spatial reso-
lution to use for tsunami detection. It is to be expected
that a tsunami will be more difficult to detect if it is small

or if the background current velocities are high and rap-
idly varying. In a field application a feasibility study
would be required for each location, based on radar trans-
mit frequency and taking into consideration typical cur-
rent regimes for the location, in addition to the bathymetry.

Figure 8 shows that shallow-water bathymetry ap-
plies over much of the area of South-East Asia that was
devastated by the recent tsunami: large portions of Indo-
nesia, Malaysia, Thailand, all of Cambodia and a good
portion of southern Vietnam all are surrounded by shal-
low waters. This would suggest that vast areas of the Indo-
Malaysian shores form an ideal region for the use of HF
radar to monitor tsunamis. This study indicates that HF
radar installations in such locations could provide vital
capability for the detection and measurement of deadly
approaching tsunamis.
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Appendix
If one reduces Eq. (8) to its 1D scalar version, one
obtains:

(A1)

Separation of variables is a classic method that assumes
a partial differential equation (PDE) such as that above
can be written in terms of factors that are each functions
of only one of the two independent variables: X and t.
The justification for this assumption is that it works, and
does indeed produce complete solutions for the partial
differential equation. Thus we assume: E(X)H(t) =
d(X)v(x, t). When we substitute this into (A1) above, we
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Fig. 8. Bathymetric map of area in South East Asia, showing
extensive shallow water. Constant depth contours are labeled
in meters.

can group terms so that those involving X are separated
from those involving t. Le.,

cd(x) d*E(x)

DEX) o ) (A2)




where D, is the depth at X = L, i.e., d(L) = D, with L
defining the beginning of the continental slope, i.e., the
break from deep water. The group speed in deep water is
given by

c=,/9h,.

Each term must be set to a constant, because the vari-
ables are “independent”, and hence each can take on a
range of values that do not influence the other. So set the
second term equal to —’; hence the first term is equal to
+@? so that they sum to zero. The solution class for the
second term is the familiar trigonometric or complex ex-
ponential functions, i.e.,

d*H(t)

2 +w H(t) =0

which has solutions given by:
H(t) ~ exp(ziat).

The first term then satisfies the ordinary differential equa-
tion given by (11), which has no convenient closed form
solution unless the depth is constant, in which case its
solution has the same complex exponential forms in space
as H(t) does vs. time, i.e., traveling sinusoids.

In general, the frequency wis an arbitrary constant,
unless we want to specify time dependence to be sinusoi-
dal. For a particular time waveform for the tsunami ve-
locity (or height) that we might select, we can represent
this as a Fourier distribution (or series if one prefers) at a
variety of frequencies. Thus we represent depth times
velocity (i.e., water transport) as a distribution:

)exp(—i af)E(x, )d w  (A3)

J’ p(w
where we will specify the time dependence at the dis-

tance X = L representing the beginning of the continental
slope, where deep water ends and shallow begins.

D,V J’ p(w)exp(-i at)E(L, )d w (A4)
where f(t) is our chosen time form to represent velocity
(times depth) at the edge of the shelf. In general for arbi-
trary time dependence and non-constant depth profile, one
uses an ODE solver to obtain E(X, w)—and thence
E(L, w)—at an array of frequencies , and then Fourier
transforms both sides of (A4) in order to obtain p(cw).
Thence we solve (A3) via another Fourier transform (or
FFT) to get the velocity profile. For the New Jersey shelf

profile and Gaussian wavetrain, we used the MATLAB
“ode45” routine, obtaining both the velocity and the height
profiles vs. time in a single call, as one is the space de-
rivative of the other, as seen by the 1D versions of (6)
and (7) earlier.

As a simple example, let us assume constant depth
D, and a Gaussian-modulated sinusoid such as that dem-
onstrated in Fig. 4. Thus,

E(x, w)H(t) ~ D, exp(-i aft +x/c)) (A5)
for a wave traveling in the —X direction toward shore. The
form of the Gaussian wavetrain is:

(A6)

f(t) =D, expg DTD Hcos%n—

where in this case we use F = 100 to produce one domi-
nant crest surrounded by two weaker troughs. All of the
integrations called for in (A4) and (A3) can be found in
standard tables, and the result for the velocity profile in
water of constant depth D, is:

v(x,t) = exp[—Fag(X +ct)2] coffa,(x+ct)] (A7)

where o, = 1/cT is the spatial wavenumber and C is wave
group speed. We have normalized (A7) so that the veloc-
ity amplitude is unity.

Employing the concept of a plane wave, it is not dif-
ficult to demonstrate the strange d~** depth dependence
used in Section 2 for orbital/particle velocity. We base
this on conservation of energy principles. As we have
shown, for water of varying as well as constant depth (e.g.,
Fig. 4), a wave feature is compressed horizontally as the
water depth decreases. Total energy must also be com-
pressed horizontally to match the extent of the wave fea-
ture. So the standard expression for kinetic energy is
KE = mv%/2, where mis mass. We can write this as:

pd AN} /2= pdyAnv5 /2 (A8)
where p is water density; d, is the total vertical extent of
the water column; A; is the length or wavelength of the
feature over which energy is conserved; and V; is the hori-
zontal velocity of the water mass. (The transverse dimen-
sion for the one-dimensional case is the same and so is
ignored.) Wavelength is related to depth and period P
through the shallow-water dispersion relation (4), i.e.,

A =Pyod,.
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When these definitions are used and common factors are
dropped, Eq. (A8) above gives the ratio of velocities for
water of two different depths:

3/4
i:mzm Al
v "Bl (A9)

From this and the relations between height and velocity—
(6) and (7)—(or based on energy conservation principles
formulated around height instead of velocity), one can
likewise establish the law for height increase from deeper
to shallower water as:

n _tgd"

P EEH

716 B.J. Lipaetal.
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