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INTRODUCTION

In a conventional “pulse-Doppler” radar, a short pulse emitted by the radar is
reflected from a target; the time delay and Doppler shift in the reflected signal are then
used to deduce unambiguously the distance and velocity of the target. In a frequency -
modulated continuous-wave (FMCW) radar, both transmitter and receiver are left on
for extended periods and optimum processing leads to estimates of range and velocity
with greatly improved signal- to- noise ratio. FMCW signal processing was treated by
Barrick (1973). The purpose of this note is to provide more detail and extend the
analysis to apply to a gated signal. The techniques are illustrated by the design of a
system for detection of hard moving targets, with simulation and interpretation of the

output.

Analysis methods for an FMCW system are given in Section 1; approximations
are listed and the resulting biases estimated. These methods are extended to apply to
gated signals in Section 2. In Section 3, these methods are applied in the design of a
detection radar; Section 4 describes the simulation of the output in the presence of
realistic noise. Finally, in Section 5, we discuss methods for the interpretation of the
spectrum. To assist the reader, a list of symbols is included in the Appendix.



SECTION 1: ANALYSIS FOR CONTINUOUS WAVE SIGNAL

Form of the transmitted and received signals

The transmitted frequency has the structure shown in Fig. 1, with the frequency
increasing linearly as a function of time over the sweep period. The frequency at time t

within each sweep is given by

f=fc+—§rl (1)

where B is the signal bandwidth, T the sweep repetition time and {; the carrier

frequency. The corresponding phase is the integral with respect to time:
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Therefore we can write for the transmitted signal in the first sweep (defined by n=0)

= cos(27cfct + E-Bfﬁ) 3)
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where we have omitted the amplitude for convenience. In the n*" sweep, (3) becomes
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vy(t) = cosi{2rfct +

The returned voltage signal v (t) leaves a target at distance R moving with radial
velocity V at time t = 0. It has the same form as the transmitted signal but is mult1phed

by an amplitude factor which depends on distance as 1/ R2 and is delayed in time by an

amount given by
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So the return from the nth sweep is given by

nB(t- tg - nT)2
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v(t) =1 cos 2nfe [t-tg +
R2

Mixing of the returned and transmitted signals
The received signal is mixed with the transmitted signal to give

V(D) = vi(Dvx(t) (7

The mixed signal therefore contains the product of two cosine terms. Using the
trigonometric identity cosAcosB =(cos(A-B) +cos(A+B))/2, we note that the sum term
has a very high frequency (of order 2f.) which is filtered out, leaving the difference

term:
_ 1 . Janfay  2mBig(t - nT)- nB
Vi(t) = -, cos( =4 T T (8)
Substituting (5) into (8) gives
1 [AnfRVY | ATBR+VY(t- nT)- 4nB(R+Vt)2)
Vm(t) = ;cos( = + T T )

This mixed signal is to be processed to give estimates of the target range R and velocity

V.

Processing the mixed signal

The optimum processing method is described by Barrick (1973). A fast Fourier
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transform (FFT) is taken over each successive sweep, and the resulting transforms
arranged as the rows of a matrix. A second set of FFTs is then taken over the columns

of the matrix. We will now describe how range and velocity emerge from this process.

(a) FFTs over each sweep

Define t’ to be the time from the start of the ntt sweep i. e.

t=nT+t’ 10)

Then, ignoring constant terms, which will merely change the absolute value of the

phase, and terms quadratic in t'2, which are negligibly small for systems we will be

considering, (9) can be written
Van(0) =Rl—2cos (2nlfpt’+ 6T} ) (11)

where we have defined two new terms, the peak frequency in the nth sweep, fp,, and

the Doppler shift, f;, through the equations

fp = _2_’["8_\1 (12)

b = —251? +fD+—2Bé1V (13)

We then take an M-point Fourier transform of the voltage time series of length T. For

the nth sweep, ignoring the effects of the finite length of the time series, this is given by

2mifpnT - 2mifpnT
V() = e—“ﬁ;—n*qf’ fp) +§—E2'Dn—6[f+ )] (14

where the superscript “tr” denotes the Fourier transform. Thus the spectrum contains
two peaks at frequencies fp and - fp with phases of equal magnitude and opposite sign.
It can be seen from(13) that the peak frequency fp depends on target position, velocity
and sweep number; however, for cases we are considering, the last two terms will be
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relatively small, so fp is approximately constant from sweep to sweep and can be

written

£~ B8 (15)

However the phase associated with the peak is proportional to the sweep number ; it
will be shown that this fact can be used to derive the target velocity through the second

set of Fourier transforms. The range can then be determined from the peak frequency

through (13).

In practice, one starts with M signal points in the time domain covering a single

sweep with time resolution 68t, so that
Mét=T.  (16)
Thus the time series is sampled at times
0, Bt 2068, ...ommsimsmassnsmons M - 1)ot

After the FFT, one has spectral points at frequencies

_EMT—’(._%/LH)%’W”"“’ 0’”"'"“’<1\QL1%

M o LB R R o (M) M

where, for symmetry, we have repeated the ending range cell on the right. The

resulting range resolution is given by:
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The number of terms M is defined in terms of the range window; if R, is the

specified maximum range, M is defined by the relation

M = 3BRmax
C

(18)

From (15), the maximum baseband frequency fgis given in terms of R, ., by

fp = Llime (19)

The time series is sampled at the Nyquist frequency, since from (16) and (18)

4ABRmax 2fp 20)

Note that the radar cannot detect targets beyond a limiting range Ry;,, defined as the

two-way distance traveled by the radar in a single sweep:

Rim=%" Q1)

At distances greater than Ry;, targets at two different ranges can contribute to the
spectrum at the same frequency, and there can be no unique determination of range.
The sweep repetition periods considered here are sufficiently long that the range wrap-

around due to this effect is not a problem.

(b) The second set of FFTs

The transforms over the pulses are then lined up in matrix form, successive rows
corresponding to successive sweeps; the total number of sweeps, N, is dictated by the
desired velocity resolution. This is demonstrated in (22); the index i indicates the

sweep number.
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Thus with the neglect of the last term of (13), the columns of (22) consist of elements of
constant amplitude and increasing phase which is proportional to the target Doppler
shift f,. This is easily derived by taking the Fourier transform of the columns, which
are in effect N-point time series with sample interval equal to the sweep time T. The

result of this transformation appears as follows:

f=fy .. . f=f, .. .. =1, . . f= £y
. 1
f: 5T 0 0 0 .. .. 0 0 0
;. L .. ) 0
=1 0 0 ) 0 0
0 0 0 0 0 0
f=f 0 0 1 0 0
D R2
f =2iT 0 0 0 . . 0 0 0 (23)



Thus there are two non-zero terms of equal amplitude at frequencies f and - .
Equation (23) is useful to illustrate the results; however it shows that the negative
frequency spectral points from the first Fourier transform provide the same
information as the positive. Therefore for efficiency only the positive frequencies are
treated i.e. the right half of the columns of (22). The frequency resolution resulting
from the second set of FFT’s is given by 1/(NT) and, from (12) the resulting velocity

resolution is therefore

— C
AV = oNTL, @2

Accordingly, the number of sweeps must be adjusted to achieve a desired velocity

resolution, using the relation

N=—C 25)
2AVTS,

To avoid aliasing, the sampling rate in the second set of FFT’s must be equal or greater

than the Nyquist rate given by:

T=-—2F 26
4fcVmax (20

Thus the sweep repetition time is set by the maximum target velocity that is to be

detected.

This signal processing scheme is optimum in the following sense: we started
with a time series of NM points consisting of signal mixed with noise. After the
processing, the signal power is confined to a narrow peak in frequency (ideally a delta
function or, in practice, a single cell of the MxN range-Doppler space), while the noise is
still spread across the entire band. This results in the maximum possible increase in

signal-to noise ratio, i.e. the attributes of the “matched-filter” receiver.



Approximations

The simplified analysis described in this section contains several

approximations which will now be summarized.

(1) We have assumed the time series to be of infinite length when taking Fourier

‘ transforms.

(2) The quadratic terms in the phase in (11) have been assumed negligible.

(3) The target velocity has been assumed to be constant over the total coherent
integration period.

(4) The target velocity has been assumed to be small enough so that the peak frequency

is the same from sweep to sweep i.e. we have neglected the last term in (13) for the

peak frequency.

In the actual situation, the echo peaks, which in the idealized treatment are delta
functions in frequency, will be somewhat displaced from their ideal positions, spread
out in frequency, and reduced in amplitude. In Section 5, we examine the effect of these

distortions on the accuracy of the derived target range and velocity.



SECTION 2: THE EFFECT OF GATING

In order to avoid saturation by the transmitted pulse, when the transmitter and
receiver are colocated, the transmitter is turned off while the receiver is on with an
approximate 50% duty factor. The inclusion of gating has two possible effects: (a) The
creation of blind zones in the viewing area, i. e. regions of low signal strength (b) The

creation of spurious echoes in addition to the main spectral peak.

Gate function in the time and frequency domain

The gating causes the received signal in the time domain to be multiplied by a
repeated rectangular function (termed the gate function G(t)), that is defined by both
the target range and the gate on-time, Tg;. The effect of the gating on the signal is
illustrated in Fig. 2. The transmitter and receiver signals are multiplied by the square-
wave functions shown in Fig. 2(a), 2(b). The signal received at time t from a target at
distance R was emitted at time t-2R/c. The delayed signal is shown in Fig 2(c). The
received signal is multiplied by the product of (b) and (c), which defines the gate
function to be a rectangle function of reduced width W equal to 2R/c for 2R/c<Tg as
shown in Fig. 2(d). In a similar fashion, it may be shown that the product function
over the complete range of distance R consists of rectangle functions of width W which

can be written as a convolution

co=rfL)e d-@mTe-§)  en
i=0

where O denotes convolution and TI(x) is the rectangle function defined by
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